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Abstract

Most public transportation services deviate from their published schedule. To cope with the delay
caused by the unreliable service, passengers use online information about the bus arrival time which
affects their route choice behavior. Current schedule-based transit assignment models fail to cap-
ture the passengers’ adaptive response to unreliable service, resulting in an inaccurate estimation
of passenger wait time and passenger loads on various transit routes. The current study proposes
schedule-based transit assignment models that incorporate online bus arrival information when
modeling the passenger route choice in a stochastic and time-dependent transit network. The au-
thors propose that passengers employ strategies when traveling between different origin-destination
pairs not only due to the limited capacity of vehicles but also to cope with the transit delay. The
passenger routing problem is modeled as a Markov Decision Process, and efficient algorithms are
developed to solve this problem. Depending on the vehicle capacity, two types of assignment
models are presented, namely, uncapacitated and capacitated assignments. When penalties for ar-
riving at the destination outside the desired arrival time window are not applied, the uncapacitated
assignment problem is formulated as a linear program. On the other hand, the capacitated assign-
ment is formulated as a variational inequality problem for which an efficient Method of Successive
Averages-based heuristic solution algorithm is proposed. Computational experiments are presented
for a small and a large schedule-based transit network. The results show that denied boarding in
an unreliable network leads to higher expected costs to passengers compared to the reliable and
uncongested network. Furthermore, the analysis shows that the strategies evaluated with reliable
schedule assumption lead to unreliable paths in the network and produces more transferring flow
than should happen in practice. The application of our method to a subnetwork of the Twin Cities
transit network with artificial demand reveals that passengers traveling from a residential area to
the University of Minnesota campus may prefer taking a path with transfer in the event of highly
unreliable transit service on the direct routes.

Keywords: schedule-based, transit assignment, online information, congestion, equilibrium,

variational inequality

*Corresponding author

'"Email: kumar372Qumn.edu

>Tel: (612) 461-1643

3Web: http://umntransit.weebly.com/

Preprint submitted to Elsevier August 15, 2023


http://umntransit.weebly.com/

1

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

1. Introduction

Transit network assignment is a discipline whereby network models are conceptualized, designed,
and calibrated to reflect the system-side and user-side behavior within a transit network. There are
two classes of transit assignment models, namely, frequency-based (FB) (Spiess and Florian|[1989)
and schedule-based (SB) (Hamdouch and Lawphongpanich|2008) models. The FB models assume
a static representation of a transit network and are useful for long-term planning operations such as
frequency design, etc. On the other hand, SB models assume a dynamic representation of a transit
network and are useful for short-term planning operations such as time-tabling, vehicle scheduling,

etc. The SB assignment is the topic of the current study.

Current SB assignment models assume the timely arrival of buses at stops. However, in reality,
bus travel time is subject to uncertainty due to road congestion (since buses use the same right of
way as cars), traffic signals, inclement weather, varying dwell times, and maintenance disruptions.
This uncertainty causes early/late arrival of buses at stops, which results in the possibility of miss-
ing transfers by passengers flowing in the network. For example, in Minneapolis-St. Paul, on a
typical day, around 10% of transfers failed due to either early/late transit arrival at stops during
peak-hours (Kumar and Khani|2019). Moreover, to avoid extra waiting time caused by early/late
arrival of buses, it is common for passengers to use online information about the bus arrival time at
different stops to make adaptive decisions en-route in this stochastic and dynamic system (Webb
et al.[2020). For example, [[slam and Fonzone| 2021 surveyed passengers in Edinburgh, UK and
found that more than 56% passengers used real-time bus arrival information, half of which changed
at least one aspect of their trip, including changing their departure time from the origin (29%),
boarding time (21%), boarding stop (13%), bus route (15%), and alighting stop (5%). Similar
findings were also reported by [Fonzone| 2015, A literature review on the benefits of providing real-
time bus arrival information by Brakewood and Watking|2019 reveals a reduction in passenger wait
times, a decrease in overall travel time due to changes in path choice, and increased satisfaction
with public transit usage and security. However, the current SB assignment models fail to cap-
ture the adaptive passenger response to unreliable service, which causes an inaccurate estimation

of passenger wait time and passenger loads on various transit routes (Fonzone and Schmocker|2014)).

The current research proposes SB transit assignment models that incorporates online bus ar-
rival information when modeling the passenger route choice in a stochastic and time-dependent
(STD) transit network. We propose that passengers employ strategies when traveling between an
origin-destination pair. These strategies are not only motivated by the limited capacity of vehicles
(as in the current SB assignment models) but also due to the use of online information for making
adaptive decisions en-route in the STD transit network. We formulate the route choice problem
as a stochastic shortest path (SSP) problem whose solution give us optimal strategy/policy that
describe the adaptive passenger behavior in the network. The passenger assignment uses these

strategies to predict flow on various transit routes in the network. Based on the capacity limits of
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transit vehicles, the current study proposes two types of assignment models, namely, uncapacitated
and capacitated assignment models. The uncapacitated assignment assumes the unlimited capacity
of vehicles, whereas capacitated assignment enforces the capacity of transit vehicles when assigning

passengers. Through this research, we envisage a more realistic SB transit assignment.

2. Related work

Transit assignment has attracted a lot of attention since the 1970s, and various models have

emerged over the years. |Chriqui and Robillard| (1975 posed the decision problem, also known as

common lines problem, faced by a passenger traveling between two stops served by several transit

routes. [Spiess and Florian|[1989| proposed that passengers adopt strategies when traveling, which is

defined as a set of rules that help a passenger to move from an origin to a destination in a transit

network. They proposed the first FB transit assignment model formulated as a linear program.

Further, Nguyen and Pallottino|[1988| formalized any strategy as a sub-network between two nodes

in the transit network, known as a hyperpath and proposed a greedy algorithm to find the shortest
hyperpaths in the network. It was soon realized that current models could not predict passenger
behavior in congested FB networks. Therefore, several approaches are proposed by the researchers
to model congestion in the network. This includes asymmetric BPR-type function of waiting by [Wul
let al.|[1994) and De Cea and Ferndndez[1993, effective frequency function by [Cominetti and Correal
[2001] and [Cepeda et al.|[2006, and failure-to-board probabilities by [Kurauchi et al. 2003 A multi-
modal FB assignment model was proposed by [Kumar and Khani[2022l The FB models consider

single vehicle runs, which results in an approximation of accurate vehicle loads for a time-dependent

transit service (Nuzzolo et al|[2012). Therefore, schedule-based or dynamic transit assignment mod-

els emerged in the literature. Nguyen et al.[2001| presented a graph-theoretic framework for the

SB transit network, [Tong and Wong][1999| proposed a SB transit assignment model based on the

schedule-based transit shortest path algorithm developed by [Tong and Richardson!||[1984, and [Poon|
proposed a simulation-based assignment model with FIFO queuing discipline. To model
congestion into SB models, studies have used a BPR-type discomfort function for in-vehicle links
(Crisalli| 1970, Nielsen| 2004} [Nuzzolo et al.|2001)). The main drawback of this approach is that

discomfort is applied to all the passengers in a bus (both seating and standing), and the assign-

ment results may not satisfy the strict capacity of transit vehicles. [Hamdouch et al. 2004 and

[Hamdouch and Lawphongpanichl|2008| proposed that passengers adopt strategies in a SB network

when competing with other passengers for limited vehicle capacity. They proposed an assignment
model based on the User Equilibrium principle. The logit-based strategic SB transit assignment
was proposed by [Nuzzolo et al.|2012] [Noh et al|2012, and [Khani et al.|[2015. Various studies have

also used strategy-based models for the capacitated traffic assignment problem (Marcotte et al.|

2004, |Zimmermann et al.|2021). As seating and standing passengers have different comfort costs,

SB assignment models have also incorporated the effect of discomfort on strategies (Sumalee et al.
2009, Hamdouch et al.[2011] Binder et al.|2017)).
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There has been a significant amount of work on the adaptive traveler routing problem in a road
network with random travel times. In this problem, the traveler has to make online choices based on
the sum of current costs and future expected costs. [Hall|[1986 showed that the online shortest path
in a network with random travel times cannot be found using the conventional shortest path meth-
ods and requires the computation of adaptive decision rules. Therefore, efficient algorithms have
been developed for various variants of this problem based on different assumptions on modeling the
stochasticity in travel time. This includes recursive algorithms by [Polychronopoulos and Tsitsiklis
1996, [Andreatta and Romeo|[1988| and |(Gao et al.|[2008| label setting algorithms by [Miller-Hooks
and Mahmassani/[2003, label correcting algorithms by |(Cheung[1998 and [Waller and Ziliaskopoulos
2002, a primal-dual algorithm by [Provan|[2003, and value iteration, linear programming, and policy
iteration algorithms by |Polychronopoulos and Tsitsiklis|[1996| and [Kumar and Khani| 2021 It is
common for passengers to use adaptive decision rules for navigating in the transit network. A
passenger waiting at a bus stop served by several bus routes employs strategies to minimize the
travel cost (Chriqui and Robillard| 1975, |Spiess and Florian|1989). The strategies are affected by the
online information, and various studies have proposed FB assignment models incorporating online
information (Gentile et al. 2005] Billi et al.[2004), Chen and Nie| 2015, |Oliker and Bekhor{2018). In
the case of SB assignment, |[Hamdouch et al.|[2014| developed an assignment model that incorporates
the passengers’ response to unreliable service by finding the strategies that minimize the sum of
mean and variance of overall travel cost. |Zhang et al.|[2010| models the risk-taking behavior of pas-
sengers in SB networks with random arc travel time using chance constraints. |Gardner et al.|[2021
presented an estimation method for evaluating passenger travel time distributions in unreliable
transit networks using phase-type distributed Markov chains. [Rambha et al.|[2016| formulated the
transit shortest path problem with online information as a finite horizon Markov Decision Process
and presented several procedures based on variants of the time-dependent shortest path problem
to decrease the computational time of evaluating routing strategies. Hickman and Wilson| |1995
and Hickman and Bernstein|[1997| proposed path choice models for modeling passenger behavior
of declining a bus route in favor of a faster bus route arriving at a stop based on online informa-
tion. [Khani|2019| proposed an efficient labeling algorithm to find strategies in a trip-based dynamic
transit network considering the reliability of transfers. Other approaches include model-free rein-
forcement learning-based SB assignment model by [Wahba and Shalaby|[2009, and simulation-based

models incorporating real-time information by [Nuzzolo et al.|/[2016| and [Cats and Gkioulou/[2017|

The above studies have made valuable contributions to modeling the effect of real-time informa-
tion on transit passenger routing. However, several gaps motivate us to pursue the current research.

They are discussed below:

1. A common approach for modeling passenger response to unreliable transit service is through
evaluating strategies with the least mean-variance cost. However, this approach does not

model the complexity associated with missing transfers. If buses are late, passengers miss
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transfers and might take alternative bus routes. Therefore, the shortest path with recourse
problem in SB transit networks needs to be solved (Hall |1986, |Andreatta and Romeo|[1988)).

2. There is no efficient method that solves the current problem in a reasonable amount of time

and is scalable for large-scale SB transit networks.

To address the above issues, we develop a transit assignment model that employs strategies to
describe the online routing behavior of passengers in a network with random bus arrival times at
various stops and a limited capacity of vehicles. For this purpose, we use the traffic equilibrium
framework proposed by [Marcotte et al.|2004) and |Baillon and Cominettil[2008| that formulates pas-
senger route choice as a sequential decision-making problem. As their framework only deals with
uncertainties associated with link availability and passenger perception of travel time in a static
auto network, the current research proposes a generalized model that incorporates uncertainties
due to both unreliable bus service and limited vehicle capacity in a time-dependent transit network.
We define a stochastic shortest path (SSP) framework with a state incorporating the passenger’s
current location, time, and information about the bus arrival time and capacity of vehicles to
evaluate their strategy. The structure of the problem allows us to solve the SSP efficiently. We
pose the capacitated assignment problem as a variational inequality problem for which an efficient
MSA-based solution heuristic is proposed that runs SSP and a dynamic network loading algorithm
to reach an equilibrium solution. Unlike previous studies on schedule-based transit assignment that
maintains the flow vector based on a specific strategy for an origin-destination pair, the current
research maintains the link flow vector based on local choice probabilities for each destination. Dur-
ing the passenger assignment phase, it takes the convex combination of local probabilities rather
than shifting the flow from various strategies of an origin-destination pair to the shortest expected
cost strategy. In this way, we do not have to maintain the list of active strategies (Hamdouch et al.
2014)). This difference is akin to a path-based versus link-based algorithm for solving the traffic

assignment problem.

The rest of the article is structured as follows. The next section (Section [3|) introduces the
notations and concepts used throughout the paper. After that, Section [4 formulates the assignment
problem for uncapacitated networks, which is followed by the capacitated assignment model in
Section Then, numerical experiments are presented in Section [f] Finally, the conclusions and

directions for future research are discussed in Section [

3. Preliminaries

We start by discussing the creation of a SB (read as ”schedule-based”) transit network and
introducing a few notations that we use throughout the paper. A SB transit network is character-
ized by a digraph G(N, A), where N denotes the set of nodes and A denotes the set of links in the
network. We use the trip-based representation of the transit network (Khani et al.2014)), which
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is created using the General Transit Feed Specification data (Google 2005). The probability dis-
tributions of link travel times are calibrated using Automatic Vehicle Location (AVL) data, which
provides historical bus arrival times at various stops recorded using GPS devices installed in transit
vehicles (Riter and McCoy|1977).

For the dynamic representation of the network, let us consider T as the set of integer-valued
time intervals during the study period. In transit schedule data, we denote the set of transit
stops/stations as 9B, set of bus routes as R, and set of transit trips as K. Each trip k € K is
characterized by a bus route r, € R, set of nodesﬂ B, C B x K, sequence v; : By — N in
which various stops are visited, scheduled arrival/departure time #; : By ~ T at various stops
in the itinerary, and a set of possible (actual) arrival time at those stops 3 : By 2T which is
obtained from the AVL data. The probability of a bus associated to trip & arriving at node i € By
at time t € (i) is denoted by p;(t). For a well-defined probability distribution, we must have
pi(t) > 0,Vt € t4(i),Vi € By, Vk € K and > tei (i) Pi(t) = 1,Vi € By, Vk € K. Overall, the set of
nodes in the network N = OU DU B can be partitioned into three subsets, namely, the set of origins
O (from where passenger trips start), the set of destinations D (where passenger trip ends), and
the set of transit nodes B = Uger By. Let k(i) and r(i) be the trip and route resp. associated to
transit node ¢ € B and w : N x N +— R be the walking time between two nodes in the network. The
passenger demand is assumed to be distributed among groups G. Each group of passengers g € G is
characterized by an origin o, € O, a destination d, € D, the earliest departure time from the origin
th , the earliest arrival time at the destination thA, and the latest arrival time at the destination
tgA. Let {d(g)d}(o,d)eo «D,gec be the demand matrix from origin to destination for different groups.
There are three types of links A = A, U A, U A; in the network, namely, the access/egress links A,
the in-vehicle links A,,, and the walking/waiting transfer links A;. The access/egress links are used
to access/egress transit nodes in the network, i.e., A, = {(4,7) € O x B | w(i,j) < oo} U{(i,j) €
B x D | w(i,j) < 41}, where §p and §; are the acceptable walking times to access and egress a
transit stop. The in-vehicle links are transit vehicle links created using the itinerary of a transit
trip, i.e., Ay = {(4,J) € Bx B | k(i) = k(j), V() (4) = @) (1) +1}. Finally, the waiting and walking

transfer links are created between two nodes i, j € B if they satisfy the following conditions:

1. Routes associated to both nodes are different, i.e., ry;) # Ty (j)-

2. The stop associated to node i is not the first stop in k(i)’s itinerary, i.e., 'yk(i)(i) # 1
and the stop associated to node j is not the last stop in k(j)’s itinerary, i.e., v(;)(j) #

maXleBk<].) fYk(j) (l)

3. Walking time between ¢ and j is less than or equal to an acceptable walking time limit do,

ie., w(i,j) < do.

'Here, a node is characterized by a stop and bus trip serving it.
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Let us denote A} as the set of links that satisfy the above conditions. Sometimes, condition 3 needs
to be relaxed when a bus (for transfer) is not available at stop i (e.g., after midnight) or so late
that walking to the respective destination becomes a better choice. The above conditions create
unlikely transfer links, which can be further reduced using some criterion specific to the type of
assignment (capacitated or uncapacitated). The criteria are based on maximum acceptable wait
time 03 and probability of making a successful transfer. d3 is the maximum waiting time that a
passenger is willing to spend to access transit service. Moreover, we assume that if the waiting time
exceeds 03 for a passenger, then the optimal choice for the passenger is to walk to her destination.
The value of 3 should not be too low to exclude any reasonable choice and should not be too high
to create enormous transfer links. The passenger survey data can help us calibrate this value. To
avoid interruption in the main focus of this article, we continue this discussion in Appendix [A]
where a pseudo code is provided to obtain the final transfer links. Let us denote the forward and
backward stars of node i € N as FS(i) and BS(i) respectively. Before describing the model, we

make the following assumptions:

3.1. Assumptions

1. The vehicle arrival and departure times at stops are assumed to be the same, i.e., no dwell

time is assumed.
2. The walking time on access, egress, and walking transfer links is integer-valued and constant.

3. The travel and wait time associated with in-vehicle and transfer links respectively are assumed

to be time-varying discrete random variables with finite support.

4. The travel time or wait time on various links is assumed to be independent across time
periods. Further, the travel time is assumed to be independent across trips and routes, and

bus bunching is ignored.

5. Passengers are provided with online information about the bus arrival time at every node of

the network.

6. At a node, passengers use online information about only those bus routes which are accessible

from that node by an acceptable walking distance.

7. The online information about the bus arrivals provided to any passenger is one of the real-

izations obtained from the historical data.
8. Passengers decide which bus route to board as soon as they arrive at a particular node.

9. Passengers are expected-cost minimizers. The ”optimal” policy/strategy minimizes the ex-

pected cost of traveling between an origin-destination pair.

10. The walking, waiting, and in-vehicle travel times are equally weighed in the cost to passengers.
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11. Passengers can coordinate the departure time from their origin based on the online information
about the bus arrival at various stops to avoid waiting time. Therefore, no latest departure

time penalty is assumed.
12. The transit network is connected.

13. The assignment models compute the average flow of passengers on every link of the schedule-

based transit network.

Some of the assumptions are non-restrictive and can be easily relaxed. Assumption [1| can
be relaxed by including dwell time in the cost of in-vehicle links. Assumption 5 is also not a
concern as nodes without online information can have average deterministic costs for outgoing
links. Assumptions [] and [6] are needed to avoid enormous state space in the stochastic shortest
path problem. The correlations in travel time can be considered by assuming realizations of the
travel time on every link in the network. However, the corresponding stochastic shortest path
problem is NP-hard (e.g., see [Polychronopoulos and Tsitsiklis {1996, [Provan 2003). One can relax
Assumption [6] by including online information about all the bus routes in the state space and
developing a solution algorithm that evaluates more intelligent routing policies in the network
at the expense of computational time (e.g., see Rambha et al.2016). However, such algorithms
are more suited for providing routing policies to passengers through cellphone applications. For
assignment purposes, we believe this is a reasonable assumption and can aid in developing faster
algorithms. Since the assignment uses historical bus arrival data to calibrate the link travel time
distributions, it is necessary to state Assumption [7| because the model would not be able to explain
the adaptive response of passengers for the bus arrival times realizations other than what is recorded
in the historical data. The relaxation of Assumption [§] would require formulating a dynamic path
choice problem similar to [Hickman and Bernstein|[1997, which we leave for us to explore in future
work. Assumptions and are required for modeling purposes. Finally, the Assumption
[13] reveals the objective of the passenger assignment in the current study. It computes the average
passenger flow on each link of the SB transit network rather than the flow for a particular realization
of the network. For example, if we know the state of the network on a particular day, then we can
perform the assignment of passengers in a deterministic fashion (Paulsen et al.|2021). We believe
that an average flow of passengers computed based on the historical states of the network will aid

in evaluating the long-term congestion in the network.

3.2. Characterization of online information

The random bus arrival time at various nodes induces a node-dependent stochasticity as when
a passenger arrives at node ¢ € N at time ¢ € T', an online information vector 6 is revealed to them.
This information vector consists of travel cost {cfj }iers() of outgoing links from node i (Gao and
Huang| 2012, Boyles and Rambha;[2016). Let ©;(¢) be the set of possible information sets at node

i and time ¢. For an information vector 6 € ©;(t) associated to the head node i of a transfer or
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access link, the travel cost of a transfer link (4, j) for a possible arrival of bus at node j € F\S(i) at

tj € fk(j)(j) is given as:

ti—t, ift+w; <t
=" v (1)
0, otherwise
The probability of observing @ € ©;(t) is denoted by p’. For this probability distribution, we
must have, p? > 0,V6 € ©,(t),Vt € fk(i) (4),Vi € N and } pco, ) p! =1,Vt e by (1),Vi € N. Let us

denote © = Ujen Uer O;(t) as the union of all node-time information sets.

3.8. Example

To better understand the problem setting, let us consider an illustrative example provided
in Figure It shows two trips K = {1,2} of different transit routes going from stop A to
C and FE to C respectively. There are three in-vehicle nodes B = {A;, By, C1, E2, Dy, Cs}, one

origin node O = {o}, and one destination node D = {d}. There are four in-vehicle links A, =

{(A1,B1), (B1,C1), (E2, D2), (D2, C5)}, four access/egress links A, = {(0, A1), (0, E2), (C1,d), (Ca,d)},

and one transfer link A; = {(Bj, D2)}. The random link travel time of in-vehicle links or walk time
of access/egress/transfer links is shown by the links in the figure. Assume that buses of trips 1
and 2 begin their journey at their commencing stop at time ¢ = 0. Then, the possible arrival times

of different trips at different nodes with their probabilities are given as: #1(A4;) = 0 w.p. 1.0,

tao(Ey) = 0 w.p. 1.0, t;(B1) = {2’ P 0'6} (which means that trip 1 arrives at node B
8, w.p. 0.4
3, w.p.0.2
at time 2 with probability 0.6 and at time 8 with probability 0.4), #2(D3) = { 5, w.p. 0.3 ¢,
10, w.p. 0.5

17 0.6 16, w.p. 0.2
H(C1) = {23’ P 0‘4}, t2(C) = ¢ 18, w.p. 0.3 p, where w.p. means with probability.
, w.p. 0.
23, w.p. 0.5

Using the arrival time information, the set of online information vectors at various nodes can be

{3}, w.p.0.2
written as: ©,(0) = [{0,0}, w.p. 1.0], ©4,(0) = [{z}’ op g'ﬂ, O5,(0) = | {5}, w.p. 0.3].
{8}, wp. 0. (10}, wp. 0.5

If the trip 1 arrived at By at t = 2, then possible information a traveler can receive are ©p, (2) =
{15,1}, w.p. 0.2
{15,3}, w.p. 0.3|. This is because if trip 1 arrives at time 2, the cost of outgoing link (By, C1)
{15,8}, w.p. 0.5
will always be 15, however, the cost of link (Bj, Dy) depends on the time trip 2 arrives at D,
{15,00}, w.p. 0.5
{15,2}, w.p. 0.5
Op,(3) = [{13}, wp. 1.0], Op,(5) = [{13}, e 1.0}, and ©p,(10) = [{13}, w.p. 1.0] At

C and (9, for any possible arrival time, the information set will have a single link with cost of

)

which is 1 w.p. 0.2, 5—2 w.p. 0.3, and 10 — 2 w.p. 0.5. Similarly, O p, (8) = [
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Figure 1: An illustrative example to show the stochastic transit network

In what follows, we present two different assignment models, namely, uncapacitated and capac-
itated assignment models. For each case, we describe algorithms for evaluating optimal strategies

and assigning passengers to the network.

4. Uncapaciated assignment

In this case, we assume that transit vehicles have unlimited capacity. This assignment model
is applicable for transit systems with low ridership and for which denied boarding due to limited

capacity is a rare phenomenon.

4.1. Hyperpaths

Halll[1986| showed that the least expected cost route in a stochastic and time-dependent transit
network is not a ”simple” route but a ”strategy/policy” in which arcs are selected based on an
adaptive rule. Such policy can be evaluated based on the online information about bus arrival
time and helps passengers make a cleverer choice and improve their overall journey time. For
example, in case of missed transfers, a passenger can consider an alternative route in their policy
that provides the least expected cost to her destination. A policy induces a subgraph in the network
known as hyperpath. A hyperpath, commonly used in FB models, is a collection of paths in the
network that passenger travels on with positive probability. The current problem of finding an
optimal hyperpath is formulated as the stochastic shortest path (SSP) problem (Bertsekas|[2012).
These various components characterizing the SSP for a specific destination d € D in case of the

uncapacitated assignment are described below:

1. State space: We use the state space description that has been used for static and dynamic

stochastic shortest path problems by various researchers in the past (Andreatta and Romeo
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1988|, [Polychronopoulos and T'sitsiklis|1996) |Gao et al.|[2008|,|Boyles and Rambhal2016| Kumar
and Khani|2021). The state space S C N xT x © describe the possible positions of a passenger
in space and time and bus arrival information. Each state s € S associated to transit node
is characterized by a tuple s = (i,t,60), where ¢ € B represents the node in the network,
t € 1y (i) represents the possible arrival time at node i, and @ € ©;(t) represents the online
information about the cost of links in F'S(i) obtained at node i and time t. A state s associated
to origin node is characterized by s = (o,t,0), where o € O is the origin node, ¢t € T is the
possible departure time from the origin, and 6 € ©,(t) is the online information vector about
the cost of outgoing links F'S(0) at time ¢. We also consider one special state known as the

destination state d, which is an absorbing state.

2. Action space: When the passenger arrives at a node, they consider the current travel cost
and the online information about the travel cost on downstream links to move forward. For
example, at every transfer node, a passenger receives information about the wait time of
transferring nodes and whether a transfer is missed. Then, she has to decide which available
action to take next. Therefore, the set of actions for each state (i,t,6) are given by u(i,t,6) =
{j e FS(@i): c?j # oo} i.e., the set of outgoing links. A stationary policy p: S — N assigns
the action to each state. Here, p(s) € u(s),Vs € S.

3. Transition Function: The transition function P, : S x S + R corresponding to policy u is
defined as P,[(,t,0), (u(i, t,0),t + cﬁu(iw,e’)} =97 ,0' € 0,310t + Cipging), 0 € Oilt), T €
T,i € N. The probability of transitioning from d to itself, by taking any action is 1.

4. One-step costs: The cost of choosing a link (action) j = u(i,t,0) at state (i,¢,0) is denoted
by cZ;, where 6 € ©;(t).

177

5. Ezpected cost function: Let J : S — R be the expected cost function representing the expected

cost incurred by a passenger to reach her destination from a possible state.

The value of optimal cost function J* can be obtained by solving the Bellman equation
(Bertsekas |2012).

J* ',t,9 _ . 6 9/!]* ',t ‘-’.,9/ ,V ',t,ﬂ cS 9
(:.0)= min {d+ 3 TG+ 00}V 40) 2)
0'€O;(t+cl))

4.2. Finding the optimal policy

It becomes challenging to solve the Bellman equation when the state space is large. To solve
it efficiently, we reduce the size of the state space by averaging the uncontrollable components. In
this case, 8 is an uncontrollable component of the state space that does not depend on the action
taken by the passenger. Therefore, we formulate the problem only on the space of node and time,

i.e., = (N x T)U{d} with online information vector # being averaged out.
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Tty =Y PTG, t0) (3)

0€0O;(t)

= Z p9 min {Czej—i_ Z pG J*(jvt_‘_cﬁjae,)} (4)

0€0;(t) jeulitf) 0'€0;(t+cf)
Tty = p" min {c;+ (it + )} V0,t) € N x T (5)
peoyp UL

The standard methods designed for solving SSP, such as the value iteration (VI), policy iteration
(PI), etc. can be used for solving the Bellman equation . For example, the worst-case complexity
of running the value iteration algorithm is O(|S||N|4|) (Kumar and Khani2021). However, the
structure of the current problem allows us to solve the Bellman equation using a more efficient
label correcting algorithm (Cheung|(1998). [Kumar and Khani|2021 proved that for any stationary
policy u, the associated transition graph is acyclic. The acyclicity property allows us to develop
a label correcting algorithm for finding the optimal policy, the steps of which are summarized in
Algorithm |1, The worst-case time computational complexity of running Algorithm [1f is O(]S||A])
(Kumar and Khani |2021).

Algorithm 1 Label correcting algorithm for uncapacitated assignment

1. procedure ULC(d) > Input: destination d
2 (Initialize) J(i,t) + 00,¥(i,t) € S\{d} and J(d) + 0
3 SE < BS(d) > Scan Eligible List
4 while SE # ¢ do

5: Remove an element ¢ from SE
6 for t € fk(i) (1) do

7 tempd < 0

8 for 6 € ©;(t) do

9 tempJ +=p’ minjeu(i7t79){cfj +J(,t+ cfj)}
10: if tempJ < j(i,t) then

11: J(i,t) < tempJ; SE <~ SE U BS(i)

12: w (i, t,0) argmin{cfj + J5(j, t + cfj)},V(i, t,0) € S\{d} > Computing optimal policy
jEu(i,t,0)

Tx %
return J*, u

The algorithm is similar to the one used for the deterministic shortest path, but in this case,
we compare the average costs to deal with the uncertainty. It starts by initializing the expected
cost associated with various states as oo, except the destination state, for which it is assumed to
be 0. The scan eligible list SE is initialized as a list containing the neighbors of the destination

node. Then, the algorithm scans elements in the backward direction updating the label of every
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node for every time interval. It computes a temporary label tempJ (Lines 7-9) and checks if it is
less than the current expected cost J (i,t) (Line 10). Then, it possibly updates the expected cost
of the state. After scanning all the states and computing their optimal expected cost, it evaluates
the optimal policy for a given destination d (Line 12). Finally, the algorithm returns the optimal

expected costs J* and optimal policy u*.

4.8. Assignment of passengers

The computation of optimal policy and expected costs are performed for individual destinations.
After this, for every group of passengers, we still need to figure out the optimal departure time
from their origin. We assume that passengers are rational and select the departure time, which
provides them the least expected cost to their destination. We present two different approaches to

finding the optimal departure time:

1. If early and late arrival penalties are included: In this case, penalties are used to avoid
arriving outside the desired travel time window. For example, commuters want to arrive at
their destination within a certain time frame. We consider two different types of penalties,
i.e., early (11 / time units) and late (72 / time units) arrival time penalties. Based on these

penalties, the optimal departure ¢; for group g € G is given as:

tr e argmin  {J*(0g,t)+nxmax(0, t54 — (t+J* (04, 1)) +12 max(0, (t+.J*(0g,)) —t54)}
tED <t<tED 463
(6)

In equation @, ty is searched within the time interval [th , thD + 53] for the least expected
cost with associated penalties. The passenger assignment, in this case, can performed using
Algorithm

2. If early and late arrival penalties are not included: In this case, optimal departure ¢; for
group g € G is given as:
t; € argmin  {J%(o4,1)} (7)
tED <t<tED 43
In equation , ty is searched within the time interval [th , thD + (53] for the least expected
cost, where d3 is the maximum acceptable wait time. This case is applicable for trips such as
shopping when passengers want to get to their destination in the least amount of time. The

passenger assignment, in this case, can be performed using Algorithm [2or the linear program

If we do not include penalties for passenger arrival outside the desired window, then we can
derive a linear program for the assignment of passengers on optimal policies. To do so, let us
denote v%(i,t,0, j) be the number of passengers arriving at state (i,t,6) € S and choosing control

j € u(i,t,0). Furthermore, let Vgﬁlt be the number of passengers from group g, departing at time

13



2 t € [thD ,th +53] from their origin o4 to destination d € D. Then, we have the following

383 assignment LP:

mln ZZ Z zt9]j (8a)

deD (i,t,0)€S jeu(it,f)

st Y vl t0,5) - p’ > vk, t',0',i) = 0,0 € ©;(t),Vt € f,y(i),Vi € N,Vd € D
Jeu(ist,0) (kt 0 )eS\{d} zeu(kt o)
& t= t +Ck7,
(8b)
> vho,t,0,5) - p’ Y Vi=0Y0€0,(t),vteT,Voc O,¥de D (8c)
j€u(o,t,0) g€G:0g=0 &
te[tDPP tED 53]
S Va=dy'VgeGidg=dYdeD (8d)

te[tED tED+53)

> vik,t,0,d)= Y d¥VvdeD (8¢)

(k,t',0"YeS\{d}:deu(k,t’',0") g€G:dg=d

vi(i,t,6,5) > 0,Yj € u(i,t,0),Y(i,t,0) € S,¥d € D (8f)

Vi >0Vt e [thP 4P 4+ 65] Vg e G,vd e D (8g)
384 In the above optimization program , we minimize the total expected travel time given by

5 ([8a)). Constraints — describe the conservation of flow for every destination. For any state,
386 shows that the sum of passenger flow going out of state (i,t,6) is equal to the portion of the
37 sum of flow coming into it from other states at the time ¢ and observing 6. describes the
388 conservation constraint for states associated with origin nodes, i.e., the sum of passenger flow going
ss0  out of origin state (o,t,0) is equal to the sum of passenger flow from different groups that have
30 the same origin o departing at time ¢ and experiencing the real-time information . Equation
301 describes that the total sum of flow from a group at different departure times to their destination d
32 should be equal to the demand associated with that group. Then, for every destination d € D, the
303 total flow coming into the destination state should be equal to the total demand of groups going

34 to d. Finally, — represent the non-negativity constraints for the flow variables.

305 Lemma 1. The optimal solution of assigns passenger flow to the optimal policy corresponding

396 to each destination.
37 Proof. See Appendix [B] O

308 The dual variables J%(i,¢,6) of (8b)-(8d) represent the optimal cost to go from state (i,t,6)
390 to d. Similarly, the dual variables J%(g) of (8d]) represent the optlmal cost incurred by group g
200 to go from its origin to destination. In fact, the dual program of (8) is the linear programming

40 formulation for solving the Bellman equations and . One of the advantages of assignment LP
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is that it is decomposable for every destination d € D and side constraints related to the flow
of passengers can be used in this formulation. However, the number of variables can still be large
due to the cardinality of state space. Therefore, it is much easier to use Algorithm [2| presented in

the next paragraph for sole assignment purposes.

Algorithm [2| starts with the initialization of the transitioning flows v%(i,t,6,5) as 0. Then, for
every destination d € D, it computes the optimal cost functions J% and optimal policy u%* using
Algorithm (1, After that, for every group, we find the optimal departure time(s) from their origin
using @ or . Then, for every possible real-time information vector a group ¢ could receive for a
given optimal departure time t € tj, we assign a portion of the group demand to the transitioning
flow variable vd(og,t,Q, j). We repeat this for every group. After this, the total demand has
originated in the transition graph corresponding to x®*. Using the topological order of nodes and
processing the times in chronological order, we assign the transitioning flow using Line 18. Note

that after assignment, we can calculate the average flow on a link (i,j) € A as below:

v =Y > > w0 t,0,5),V(i,j) € A (9)

deD tety, ;) (i) 0€Oi(t)
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Algorithm 2 Uncapacitated transit assignment

1: (Initialization) v3(i,t,0,7) < 0,Yj € u(i,t,0),¥(i,t,0) € S,¥d € D
2: for every d € D do

3: Jx, p¥ «— ULC(d) > Computing optimal expected costs and policy for destination d
4: if arrival penalties are included then
5: th = argmin {J*(0g,t)+n*max(0,tEA — (t+ J*(0g4,t))) +n2 max(0, (t+ J*(0g, 1)) — t14)}
tBD <t<tED 4§y
6: else
7: t; = argmin {J*(og,1)}
tED <t<tED 463

8: for every g € G : dy = d do

9: for ¢ € i do > Optimal departure times
10: for 6 € ©,,(t) do > Possible wait time information
11: j + u®(o4,t,0)

12: ’Ud(Og, t,0,7) += pe * d;gd * \?1;| > Passengers observing state (o4, t,0) and taking action j

13: Find the topological order of nodes

14: for i € topological order do:
15: for t € fk(i) (7) in chronological order do
16: for 0 € ©,;(t) do
17: § — u¥(i,t,0) > Optimal action at state (i,t,6) for destination d
18: vl(i,t,0,5) +=p’ > vl(k,t',0,4)
(k,t/,0/)65\{d}:ud*gk,t/ﬂ/):i
& t=t'+cf,

An example problem for the uncapacitated assignment is solved in Appendix [C]

5. Capacitated Assignment

The uncapacitated assignment model may produce unrealistic passenger flows on various transit
routes. This is because of the limited capacity of vehicles, due to which some arcs may become
saturated and cannot be accessed by some passengers depending on how other passengers make
their route choice. If we assume that passengers mingle at nodes and have an equal probability
to access outgoing links, then one can include the following capacity constraint in the assignment

program to produce capacity-feasible flows:

SO Y v6,4,6,5) < wa, V(i) € A, (10)

deD tEEk(i) (’L) GEGi(t)
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where, u, is the capacity associated with transit vehicle used to serve link a € A,. However, doing
so would just limit the number of passengers on each arc without explaining the strategic behavior
induced by failure-to-board a congested route. Moreover, passengers on-board have continuance
priority over other passengers. The above constraint would not be able to capture such behavior. To
model such behavior, previous studies have proposed to use failure-to-board probabilities or access
probabilities. They evaluate the probability with which a passenger waiting at a bus stop can
access an outgoing link. Such access probabilities result in multiple paths that a traveler can take
with positive probability. The collection of such paths is known as ”hyperpath.” In the capacitated
assignment, the hyperpaths/strategies are induced by both risks of denied boarding due to limited
capacity and missing transfers due to unreliable service. A strategy helps passengers minimize
their expected costs under various types of uncertainties. When passengers employ strategies to
move between various origin-destination pairs and compete for the limited capacity, the strategic
equilibrium occurs when no passenger can improve her expected cost by unilaterally switching to

a different strategy.

5.1. Hyperpaths

To incorporate the access/availability probabilities and find a strategy that minimizes the ex-
pected cost of travel in a capacitated network, we require augmenting the state space. For that

&t0) indicating the avail-

purpose, let us define X?(¢) as the random variable supported on {0, 1}
ability of arcs in F'S(i), when arriving at node ¢ € N\{d} at time ¢t € T, and receiving information
0. To be more precise, the component j of vector x € X?(¢) will indicate whether link (i, 5) € A is
available to board or not. Let ©* be the probability of observing the availability vector x € Xf (t)
and X = U1 0)e sX?(t) be the collection of such availability vectors. The use of 7 is akin to
"access” probabilities in the previous literature, as the former describes the node-based availability
of outgoing links and the later describes the availability of individual links. It is assumed that pas-
sengers do not know about the availability vector x and information vector 8 in advance and realize
them when reaching a particular node at a particular time. To find an optimal strategy/policy
in this case, we need to solve the corresponding stochastic shortest path problem. These various
components characterizing the SSP for a specific destination d € D in case of the capacitated

assignment are described below:

1. State space: The state space So € N x T x © x X describes the possible positions of a
passenger in space and time, information about bus arrival, and availability of links. Each
state s € S¢ is characterized by a tuple s = (i,t,0,z), where i € N represents the node in
the network, ¢ represents the possible arrival time at node i, 6 € ©;(t) represents the online
information about the cost of links in F'S(i), and x € X?(t) represents the availability of
outgoing links. Similar to the uncapacitated case, destination d € D is considered as an

absorbing state.

2. Action space: When the passenger arrives at a node, they consider the current travel cost and

future information about the cost and the availability of downstream links to decide which
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arc to take next. For example, at every transfer node, the passenger receives information
about the wait time of transferring nodes and whether a link is available or not. A link may
be unavailable due to missed transfer or the vehicle associated with it being full. Then, she
has to decide which available action to take next. Therefore, the set of actions for each state
(i,t,0,x) are given by uc(i,t,0,2) = {j € u(i,t,0) : z[j] # 0}. Note that due to Assumption
and the presence of walking links from transfer nodes, there is no state s = (i, ¢, 6, x) such
that uc(i,t,0,x) = ¢.

3. Policy: A policy/strategy specifies the subset of actions that can be taken at a state. To be

2| Zsesc uc(s)|

precise, uc : Sc > maps every state to a subset of controls that provide equal

expected cost to destination.

4. Transition Functions: The transition function P, : S¢ x S¢ — R corresponding policy
p is defined as P,[(i,t,0,x), (u(i,t,0,2),t + C?u(i,t,e,m)’HIVx,)] = p’ 7% . The probability of
transitioning from d to itself, by taking any action j € uc(d) is 1. The value of 7 depends on

the route choice of other passengers, and it is obtained from the network loading procedure.

Using the components defined above, we can formulate the Bellman equation for finding the

optimal strategy as below:

Jeit,0,2) =  min S+ D oo " e t+ 0,2 p (it 0,x) € So
JGUC(szevm) ’ /
0'€0;(t+cl)) 2’ eXI(t+cl)

(11)
where, JZ(i,t,0, ) denotes the optimal cost-to-go from state (i,¢,6,x) to the destination in case
of capacitated assignment. Similar to uncapacitated assignment, one can reduce the state space
and define the Bellman equation only on controllable components by averaging the uncontrollable

components.

Jen = Y 3 p%xjeug(lgﬁe’z) {cfj FJsGt+ cfj)} i eSS  (12)
0'€0;(t+cf)) ' eXl(t+c?))

The above Bellman equation can also be solved using a label correcting algorithm, the steps
which are summarized in Algorithm [J] from Line 1-12. The worst-case complexity remains the
same as O(|Sc||A]). The algorithm starts by initializing the expected cost of various states as oo,
except the destination state, for which it is assumed as 0. The scan eligible list SE is initialized
as a list containing the neighbors of the destination node. Then, the algorithm scans elements
in the backward direction updating the label of every node for every time interval. It computes a
temporary label temp.J (Lines 7-10) using both the online information probability p’ and availability
probability 7% and checks if it is less than the current expected cost .J(i,t) (Line 10). Then, it
possibly updates the expected cost of the state. After scanning all the nodes and finalizing their
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expected costs, it evaluates the optimal policy u¢ for a given destination d (Line 13). Further, the

optimal cost of taking a certain action at any state Q¢ is evaluated in line 14.

Algorithm 3 Label correcting algorithm for capacitated assignment

1. procedure CLC(d) > Input: destination d
2 (Initialize) Jo(i,t) + 00,¥(i,t) € S\{d} and J(d) < 0

3 SE < BS(d)

4 while SE # ¢ do > Input: Scan Eligible List
5: Remove an element ¢ from SE

6 for t € tNk(i)(i) do

7 tempJ < 0

8 for 6 € ©;(t) do > Information vector
9 for x € X!(t) do > Availability vector
10: tempJ += p/r* Ny, (3,4,0,2) {cfj + jc(j, t+ c?j)}

11: if tempJ < Jo(i,t) then

12: Jo(i,t) « tempJ; SE + SE U BS(i)

13: /l*c (/l, t, 9, 'T) < argmin {ij + jz"(]u t + ny)}, V(Z, t, 0, .’E) S SC\{d} > Computing optimal policy

14: QE(S,]) < C?_] + jé«(], t + C%),Vj € UC(S),VS == (Z, t, 9, l‘) c SC > Cost of taking action j at state s

15: Py j < 1.0/|u2~8(s)‘,\7j € u*(s),Vs = (i,t,0,2) € So > Probability of taking action j at state s

16: for every g € G : dy = d do

17: if arrival penalties are included then

18: tr« argmin  {J*(og,t)+nxmax(0, tEA—(t+J* (04, t)))+n2 max(0, (t+J*(0g, ) —tE4)}
tED <t<tED 4§

19: else

20: t; < argmin  {J*(og, )}
tED <¢<tED 443

21: Ry < 1.0/|t5],Vt €t > Departure time choice probability

22: return jg, Qt, 1, PR

The route choice of passengers is characterized by the probability of taking an action at a
particular state. Therefore, we introduce P = {Pg’a} as the probability of taking an action a €
uc(s),Vs € S, when going to destination d € D and R = {Ry} as the probability of group g € G
departing at time ¢t € [thD , thD + 53]. These route choice probabilities are calculated in Algorithm
from lines 15-21. We can observe that when there are multiple actions j € p*(i,t,60,x) at state
(i,t,0,z) that achieve optimal expected cost, we assign equal probability to each optimal action.
Similarly, if multiple departure times provide the same optimal expected cost for group g € G,
we assign equal probabilities to these departure times. However, if there is only one action that
achieves minimum, then we assign the probability 1.0 to that action. The use of route choice

probabilities allows us to use a flexible choice of selecting actions at various states. For example,

19



503

504

505

506

507

508

509

510

511

512

513

514

515

516

517

518

519

520

521

522

523

524

525

526

527

528

529

530

531

532

533

534

535

536

537

538

539

one can use the logit-based route choice probabilities.

5.2. Network loading

The computation of optimal policy/strategy for individual destinations reveals the number of
passengers using a specific strategy (since we know the number of passengers in a group, their
departure time probabilities, and their route choice probabilities). In this section, we describe a
NETWORKLOADING procedure that converts these strategic flows into link flows. The loading of

passengers follows some behavioral rules that are described below:

1. At a transfer node, if a passenger according to her strategy decides to continue on the same
route r rather than taking a transfer or ending her trip, then that passenger should get the
priority over other passengers who either want to transfer to r or begin their journey with r.
Such priority is known as continuance priority (Hamdouch and Lawphongpanich|2008). At

any node, the passengers with continuance priority are loaded first onto the outgoing links.

2. We assume that passengers without continuance priority have equal access to the outgoing
links, and they are processed in random and a uniformly distributed single queue. Such
loading of passengers is also known as random loading. One could try other loading approaches
such as First-Come-First-Serve, Regret, etc. Binder et al|[2017| discusses such exogenous

priority rules for transit assignment, which we leave for future research to explore.

The NETWORKLOADING procedure is summarized in Algorithm [ It takes passenger route
choice probabilities for various destinations {Pd}de p and departure time probabilities for indi-
vidual groups {Rg}geg as inputs and outputs link flows v and availability probabilities w. The
procedure starts by initializing the state-action passenger flows v¢ for various destinations, node-
time priority passenger flows V,, and non-priority passenger flows V,,. After this, we originate
the group flows at various departure times according to the departure time choice probabilities R
(Lines 4-6). Then, we process various nodes in topological order to load the passenger demand on
outgoing links. For each node i € N\{d}, we assume an availability vector, where all the outgoing
links w(i,t,0) are available, i.e., we assign 7% = 1,Vz = (i,t,0, {1}[*(t0) € So, 0, otherwise.
Then, we perform the loading of the demand that reached node i onto outgoing links, which is
divided into two phases. In the first phase, we assign the priority flows (Lines 11-23). Depending
on the strategy at various states (i,t, 6, x) for destination d, a fraction of flow tempFlow is assigned
to outgoing link (7,7) : j € uc(i,t,0,x) according to route choice probabilities P(‘ﬁ’t79)7j. Then, a
fraction of tempFlow is further assigned to node j and transitioning time t either as priority or
non-priority flow depending on the strategy and route choice probabilities. Of course, for the origin
nodes, there will be no priority flow to be assigned. The second phase of the loading procedure at
node 1 is the loading of non-priority flows. This loading is performed using a single-queue processing
procedure described by Marcotte et al.|2004] and [Zimmermann et al.|2021| for static auto networks.
We first calculate the residual capacity u of outgoing links after the loading of priority flows. Then,

based on the route choice probabilities, we evaluate v, which describes the number of passengers
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trying to access outgoing links. The flow trying to access a particular link v;; may exceed the

residual capacity #;;. Assuming that all the non-priority passengers waiting at that node have an

equal probability of accessing an outgoing link, we evaluate the access probability (Z: ) of that
link. Then, a minimum access probability 8 of any outgoing link is calculated using the expression
given in Line 34. [ describes the proportion of passengers that can be loaded before one or more
outgoing links get saturated. If the accessing flow of any outgoing link does not exceed its residual
capacity, then § = 1, which means all the waiting passengers can access their optimal choice. For
assigning the appropriate number of passengers onto outgoing links, we repeat a similar procedure
as priority flows, where some of the passengers reach the outgoing node as a priority and some as
non-priority flow. We update the residual capacity and the number of passengers to be loaded at
various times U (i,t). If 8 < 1, we evaluate the saturated outgoing links, prepare the availability
vector, and update its probability 7® using 8. The availability probabilities are updated based on
the principle that only the 5 proportion of passengers will observe the current state, and the rest
of the passengers (1 — /3) will observe a different state. We continue updating the state availability
probabilities in this manner until all the accessing flow is assigned. Note that due to Assumption
and the presence of walking links from transfer nodes, we will never observe the availability
vector, where all the outgoing links get saturated and are not available. This procedure will evalu-
ate 7’s, which will be further used in the label correcting algorithm for updating the strategies in
the assignment algorithm. An example problem showing the execution of the NETWORKLOADING
algorithm is provided in Appendix [C]

Algorithm 4 Network loading

procedure NETWORKLOADING (P, R)
(i,t,0,2) € S¢,Vd € D
V(i t) = 0,V,, (i, 1) = 0,Vt € by (i), Vi € N

1:

2 vi(s, ) + 0,Y] € uc(s),Vs =
3
4: for g € G do
5
6

i

for t € [th,thD + 53] do
V;{l(og, t) += Rg,t * dggd

7 Find the topological order of nodes in N

8: for ¢ € topological order do

9: stop<— FALSE; Uy, (i, t) < Vi (i, 1); Vt € (i)

10: T(i0) {1}t 72 1) if 2 = T(;,1,0), 0, otherwise, V(i, 2,0, r) € S

11: for de D do

12: for t € fk(i) (1) do

13: for 6 € ©;(t) do

14: for j € uc(i,t,0,2340)) : k(i) == k(j) do

15: tempFlow < p? x m%G40) % P&tﬁ,x(i,t,e)),j * Vpd(i, t)t =t+ cfj
16: ve(i,t, 0, T(i1.0),J) += tempFlow

17: for §' € ©;(t') do
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581
582
583

584

585

586
58

594

595
596

597
598
599
600
601
602

603
608

608
609

610

81
613
614
615
616
617
618
619
620
621
622
623

624
628

832
633
634
635

636

18:
19:
20:
21:

22:
23:

24:
25:

26:
27:
28:
29:
30:
31:
32:

33:
34:
35:
36:

37:
38:
39:
40:
41:
42:
43:
44:
45:
46:
47:
48:

49:

50:
51:
52:
53:

te gy € 00
for l € uc(j,t, 0,2y o) do
if k(j) == k(1) then

Ve, t) +=p’ *a0d @)« Pl

Gt 0 *x tempFlow

G o)
else

. / T . ~
VA t) +=p" xm G0« Pl v , * tempFlow
G820 o))

for j € FS(i) do
Ui = C(k(F)) = 2odeD 2oteh (i) 2oweX?(t) 2-0€0,(1) v(i,t,0,z, )

while not stop do
for de D do
o+ 0,Vj € FS(i),¥d € D
for t € Ekz(z) (Z) do
for § € ©,(t) do
for j € uc(i,t,0,2340)) do
17%- +=p? % wG10) Pg,tﬂ,wu,t,m),j « Up (i, t)

Bij = Y gep ff)gj > Flow that’ll be competing to access (i, j)

B < min {1, mine rs(s) (ZZ)}
for j € FS(i) do
Uij = U5 — Poij
for de D do
for t € Ek(i) (i) do
for 6 € ©,(t) do
for j € uc(i,t,0,2,44) do
tempFlow <+ B * p? s n%.t.0) ngtﬁ»x(i,t,ﬂ))vj * U,‘f(i, t); t=t+ c?j
ve(i,t, 0, x(i7t,9),j) +=tempFlow
for ' @j(t/) do
for [ € uc(j,t/,ﬁl,:c(jytrﬁ/)) do

if k(j) == k(l) then
Vpd(j7 t/) +=p? w760 « P(j W AYE tempFlow
b b k) (],t ’9 ) b
else
Va(s, t/) +=p? w760 « P(j AV tempFlow
b b k) (],t Yg ) b

Un(i,t) « (1= B)V;{(i, )
if 5 <1 then
for j ¢ argmin;c pg(;) (%) do
for t € fk(i) (1) do
for 6 € ©,(t) do
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54: p 4 w0

55: mrt0) < Bp

56: Z(ipoli] < 0

5T: Tt (1= B)p
58: else

59: stop <+ TRUE

return m,v

5.8. Assignment of passengers

The optimal strategy computed using Algorithm [3| helps evaluate the route choice P and de-
parture time choice probabilities R using the probability of availability vectors . Then, the NET-
WORKLOADING procedure in Algorithm [4| will update the values of m based on P and R. When no
passenger can improve their expected cost of travel by altering the probability of taking any action,
then the equilibrium is achieved. This means that, in equilibrium, all non-null choice probabilities
Pf,a and Rg’t associated to a state and group resp. will have the same expected costs Q‘S{a and j,‘fg,t.
To characterize equilibrium, let us define the feasible set of route choice and departure time choice

probabilities P as below:

B = P x R € RIPXXsesg luc@l o RIGIXIT], Z P;fj =1,Vs € S¢,V¥d € D, and Z Ryt =1VYge G
Jj€uc(s) te[th,t§D+63}

(13)
Further, the expected cost of choice probability vector (P, R) denoted by C(P,R) can be evaluated

using the following equation:

CRR)=) > > QUsi)xPL+Y > JUogpthxPy  (14)

deD seSc jeuc(s) geG tG[thD,th+53]

where, Q%(s, j) is the cost of taking action j in state s when going to destination d. We call (P*, R*)

as the equilibrium probabilities if they satisfy the variational inequality given as:

<C(P*7R*)7 {E: ) ;} > <0,¥(P,R) € B (15)

Since the expected cost of mapping C(P,R) cannot be evaluated in closed form as it depends
on the availability probabilities m through the loading procedure, we cannot formulate the above
VI problem into an equivalent optimization problem. However, there exists at least one solution
to this VI problem because the set 9 is compact, and mapping C(P,R) is continuous since it
depends on the availability probabilities 7, which is a function of continuous (P, R) (Zimmermann
et al.|2021)). Moreover, we cannot show that there exists a unique solution to the given variational
inequality. To solve the assignment problem, we use an MSA-based heuristic approach. We start by

initializing the entries of the initial (15, f{) as zero. Before running the Algorithm (3| we assume that
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671

672

673

674

675

676

677

678

679

680

alt02) — 1 if ¢ = {1}'“(i’t’9)‘70 otherwise ,Vx € Xf(t),V(i,t, 0) € S. Then, we evaluate the best
response choice probabilities (P, R) using Algorithm [3| which are used for updating the current
(P,R) based on the values of (P,R) and (P,R) using o = k%q, where k is the iteration number.
Then, the updated (P, R) is used for the NETWORKLOADING procedure that further updates the
availability probabilities 7. We continue this procedure until the gap(f’, f{, P,R) calculated using
reaches below the tolerance level e. The gap function is similar to the one used in the traffic
assignment studies based on the user equilibrium principle. However, they use link flow vectors but
the current study uses the link choice probabilities. The overall MSA algorithm is summarized in

Algorithm |5, The converged average link flow values can be calculated using .

Z Z Z Qd(57j) X (psd,j - Psd,j) + Z Z jd(ogvt) X (ngt - Rg,t)

deD seSc jeuc(s) geG tE[tED TED+53]

ST QU x P+ 3 J%(0g,1) X Ryt

deD s€Sc jEuc (s) 9EG te[tBD tBD 4]

v = Y > Y v6,t,0,2,5),Y(,4) € A (17)

deD teiy ;) (i) 0€0:(t) ze X (t)

gap(P,R,P,R) =

Algorithm 5 Method of successive averages for capacitated assignment

1. procedure MSA (e )

2: (Initialization) Pg; < 0,Yj € uc(s),Vs € S¢,Vd € D
3 Ry <+ 0,Vt € [tED,tED +63] Vg € G

4 k < 0;gap < oo

5: while gap > € do

6 o= ﬁ_l

7 J Q% ud, P4 R« CLC(d),Yd € D

8 Pe—aP+(1-a)P;R<aR+(1-a)R

9 7, v < NETWORKLOADING (P, R)

10: Calculate gap using the equation
11: k+—k+1
12:
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6. Numerical experiments

In this section, we show the application of the proposed schedule-based assignment models. For
the first experiment, the network, schedule, and demand table are given in Figure There are
fifteen stops and five color-coded transit routes in the network. The original network has only three
walking transfer links, namely, 3-4, 3-12, and 12-4. To better understand transfer behavior in the
presence of online information, we created more walking transfer links in the network. They are
given as 2-8, 9-4, and 13-5. Stop 14 is the only stop that provides a waiting transfer from one route
to another in the network. There are four trips of each route whose complete schedule is shown
in Figure (b) There are six origin-destination pairs in the network. A synthetic demand table is
created for the assignment, which is shown in Figure (c) It has 24 groups with different origins,
destinations, earliest departure, and earliest and latest arrival times, with a total demand of 128
passengers. The network has multiple routes, trips, transfers, O-D pairs, and passenger groups,

which makes it a suitable candidate for testing our transit assignment models.

The support of random travel times of in-vehicle links is given as {0.9¢;;, ¢, 1.2¢;5, 1.5¢;5 },
where ¢;; is the scheduled travel time of link (4,j) € A,. All trips are assumed to have a capacity
of 20 passengers. The early and late arrival penalties are assumed to be 13 = 72 = 0.5. The
acceptable waiting and walking times are assumed as g = d; = o = d3 = 15 minutes. Overall,
there are 89 nodes and 173 links in the schedule-based transit network. It has 24 access, 20 egress,
and 64 in-vehicle links. In what follows, we present the assignment results for the uncapacitated

and capacitated transit assignment in separate subsections.

6.1. Uncapacitated assignment

We start by creating the transfer links using Algorithm [f] For the uncapacitated assignment,
it creates only four waiting transfer links and twenty five walking transfer links in the current
schedule-based network. The number of generated states is 4,720. After this, we solve the Bellman
equation for individual destinations. It took a fraction of a second to solve the current problem
using both value iteration and label correcting algorithms. Figure [3] shows the expected cost of
travel between various origin-destination pairs for varying departure times. We can observe that
for various origins, the expected cost to the respective destination decreases with time until we
reach the time when a bus trip departs from that origin. Then, similar behavior is observed for the
passengers waiting for the next trip to arrive. Further, we see that the average cost to destination
6 is lower than the average cost to destination 5. This is because destination 6 can be reached from
various origins without transferring to a different route. On the other hand, to reach destination

5, one must transfer to a different route, which sometimes causes longer expected cost.
We employ the Monte-Carlo simulation to estimate the reliability of optimal paths in the net-

work when the schedule is perfectly reliable. We begin by evaluating the optimal paths between

various O-D pairs for a perfectly reliable network. Then, for every O-D pair (o,d) and departure
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1 2 3 p==m==- 4 5 6
N\ O, N
\‘ ', :
'
\‘ ',' :
Y ’ 1
© @
(a) Network
Group Origin  Dest. thD th téA Dem.
1 1 6 09:55 10:07 10:12 5
2 1 6 09:55 10:10 10:15 6
3 1 6 09:50 10:04 10:09 4
4 1 6 10:05 10:17 10:22 8
5 1 6 10:05 10:20 10:25 2
6 1 6 10:00 10:14 10:19 2
RouteID TripID Schedule : 1 6 09358 10f27 10f32 8
1001 10:00, 10:02, 10:04 8 1 6 10:00  10:24 10:30 9
1002 10:10, 10:12, 10:14 9 1 6 10:05 10:37 10:42 11
Red 1003 10:20, 10:22, 10:24 10 1 5 09:52 10:05 10:10 1
1004 10:30, 10:32, 10:34 11 1 5 10:05 10:15 10:20 5
2001  10:06, 10:08, 10:10 . . .
Bl 2002 10:16, 10:18, 10:20 12 1 . 09:55 10:25 10:30 4
ue 2003 10:26. 10:28. 10:30 13 1 5 09:57 10:36 10:40 5
2004 10:36, 10:38, 10:40 14 7 6 09:58 10:10 10:15 7
3001 10:00, 10:02, 10:04, 10:06, 10:08, 10:10, 10:12 15 7 6 10:08 10:20 10:25 2
Violet 3002 10:07, 10:09, 10:11, 10:13, 10:15, 10:17, 10:19 16 7 6 10:15 10:35 10:40 4
3003 10:14, 10:16, 10:18, 10:20, 10:22, 10:24, 10:26 ) . )
3004 10:21, 10:23, 10:25, 10:27, 10:29, 10:31, 10:33 17 7 . 10:13 10:33 10:38 4
4001 10:08, 10:10, 10:12, 10:14 18 7 5 10:03 10:18 10:23 7
o 4002 10:18, 10:20, 10:22, 10:24 19 14 6 10:05 10:14 10:20 9
TANES 4003 10:28, 10:30, 10:32, 10:34 20 14 6 10:13 10:22 10:28 5
4004 10:38, 10:40, 10:42, 10:44 21 14 6 10:20 10:36 10:40 8
5001  9:55, 9:57, 10:04, 10:06 ) ) )
G 5002 10:05, 10:07, 10:14, 10:16 22 14 ; 10:05 10:12 10:18 4
TN 5003 10:15, 10:17, 10:24, 10:26 23 14 5 10:10  10:20 10:25 2
5004  10:25, 10:27, 10:34, 10:36 24 14 5 10:15 10:30 10:36 6
(b) Schedule (¢) Demand table

Figure 2: Network, schedule, and demand table (Tong and Richardson||1984)

time interval, we generate 1000 random passenger journeys following policy u®* starting from o and
ending at d. For any (i,t) associated to every journey, 6 is drawn from the distribution {p9}969i(t).
Then, we evaluate the percentage of trajectories that are same as the optimal path corresponding
to (0,d) € O x D in the perfectly reliable network to calculate the reliability of that path. Table
shows the results of the reliability of paths evaluated in the perfectly reliable network. We observe
that paths of origin-destination pairs 14-5, 14-6, and 7-6 have reliability greater than 90%. This

could be possible because the origin-destination pairs are either directly connected or connected
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Figure 3: Expected cost between various origin-desination pairs for varying departure times in case of uncapacitated
assignment

with a reliable transfer in the network. Further, the path corresponding to the origin-destination

pair 7-5 shows the least reliability.

Table 1: Reliability of optimal paths in the perfectly reliable network

Origin | Destination | Reliability of optimal path
1 5 0.78
7 5 0.49
14 5! 1.0
1 6 0.80
6 0.98
14 6 0.90

Based on the above expected costs and whether or not late and early arrival penalty is being
applied, we present the optimal departure time results for various passenger groups in Table
When the penalties are not applied, we look for a departure time that comes after the earliest
departure time and provides the least expected cost to the respective destination. This outputs
similar departure times for groups that have the same origin and neighboring earliest departure
times. When the early and late arrival penalties are applied, we look for departure time that pro-
vides the least expected cost based on . The penalties sometimes cause a passenger group to

depart early or late to arrive at the destination in a given time interval.

For assigning passengers we use the departure times calculated based on the penalties. The
average passenger flow obtained after running Algorithm [2] is visualized in Figure The flow of

passengers on various links is varied according to the line width of various links in the figure. The
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Table 2: Optimal departure time of passenger groups

Group Penalties Penalties || Group Penalties Penalties
not included included not included included

1 10:05 10:05 13 10:00 10:09

2 10:05 10:05 14 10:17 10:03

3 10:05 09:55 15 10:17 10:10

4 10:05 10:05 16 10:17 10:17

5 10:05 10:05 17 10:17 10:17

6 10:05 10:05 18 10:17 10:03

7 10:05 10:09 19 10:08 10:08

8 10:05 10:09 20 10:18 10:18

9 10:05 10:09 21 10:24 10:24

10 10:00 10:00 22 10:18 10:08

11 10:09 10:09 23 10:18 10:18

12 10:00 10:09 24 10:18 10:18

transfer links are represented using dashed lines. If a link is not shown between two nodes, then
either such link does not exist in the network, or the flow of passengers on that link is zero. We
can observe that most passengers prefer taking the first and second trips of various routes in the
network. This is because most passenger groups have departure times closer to the departure times
of the first and second trips of various transit routes departing from their origins. We observe the
highest flow on the second trip of red and blue routes. This is because together these two routes
connect both destinations (5 and 6). The passenger groups going from origin 14 to destination
6 prefer taking the orange route and the passenger groups going from 1 to 5 or 6 prefer taking
the transfer 3-4. However, we observe some flow on the first trip of the green route from origin 1
to destination 6 that takes a transfer to the orange route. The passengers going from origin 7 to
destination 5 prefer taking the transfer 8-2 from the violet to the red route. To go to destination
5, we observe some passengers taking transfers 12-4 and 3-4 from the second trip of the orange and
red routes to the third trip of the blue route. We do not observe a significant flow of passengers for
the fourth trip of various transit routes. This is because most groups do not have departure time
window as late as compared to the departure times of fourth trips of various routes departing from

various origins.
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Figure 4: Passenger flow on various trips for uncapacitated transit assignment
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6.2. Capacitated assignment

In this section, we present the results of the capacitated transit assignment. We start by
creating the transfer links using Algorithm [6] For this case, it creates seven waiting transfer links,
twenty four walking transfer links, and thirty four walking links for failed transfers. The number
of generated states is 29,832, which is six times higher as compared to the uncapacitated case. We
ran the assignment Algorithm [5| with the gap tolerance value ¢ = 0.05%. It took 140 iterations
and 8.5 minutes to converge to the solution with required tolerance gap. We plot the convergence
behavior of the algorithm in Figure 5| where we can observe a continuous decline in the gap value

with every iteration. The overall convergence is achieved fairly quickly.

1.6 R
1.4} A
1.2

11 |
0.8 a
0.6 |- a
0.4
0.2

ol |

| | | |
0 20 40 60 80 100 120 14
Iteration

Gap (%)

Figure 5: Converege behavior of MSA algorithm

The final values of the expected cost of travel between various origin-destination pairs are plot-
ted in Figure [§] The average cost of travel to destination 5 from various origins is more than the
destination 6. This is because of the presence of paths without transfer between various origins
and destination 6. On the other hand, one has to take at least one transfer to get to destination
5. Due to limited capacity, passengers miss transfers, which leads to higher expected travel times.
If we compare the expected cost from various origins to destination 6 in both uncapacitated and
capacitated cases, we find that the expected cost of traveling between 1-6 is higher in the case of
capacitated assignment as compared to the uncapacitated assignment. This is because passengers
who do not get the preferred option of the red route due to limited capacity would either have to
take the violet route or the green route resulting in higher expected cost. For destination 5, the
expected cost of travel between 7-5 in the case of capacitated assignment has risen considerably as
compared to the uncapacitated assignment. This is because passengers who want to take transfer
8-2 coming from 7 on the violet route do not get the priority over passengers who are continuing

their journey on link 2-3 of the red route.

The converged departure time probabilities for various groups are visualized in Figure[7] Out of
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Figure 6: Expected cost between various origin-desination pairs for varying departure times in case of capacitated

assignment

twenty four groups, ten groups have only one departure time, i.e., the probability of departing at a

single departure time by these groups is 1. We further observe that eleven groups have two values

in their departure time support and three groups have three or more values in their departure time

784 support.
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Figure 7: Converged values of departure time probabilities R
786 The uncapacitated assignment does not give us capacity-feasible flows. This is evident from

767 the flow values visualized in Figure ] where the first trip of the orange route and the second trip
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Figure 8: Passenger flow on various trips for capacitated transit assignment
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of red and violet routes carry more flow than their capacity (20 passengers). The capacitated
assignment results in more realistic passenger flow on various trips and routes, which is visualized
in Figure |8l Due to the limited capacity of transit routes, passengers have to shift from their most
preferred choice to other choices. By looking at the figure, we can see that various segments of
many attractive trip options are running at near or full capacity. This includes the first trip of the
orange route, the second trip of red, green, orange, and blue routes, and the third trip of violet and
blue routes. A significant proportion of passengers taking the first trip of the orange route in case
of the uncapacitated assignment are distributed to the second and third trip of the same route. To
travel between 1-6, the orange route and combination of red and blue routes are the most popular
choices. Both choices include one transfer and provide improved expected costs as compared to
direct routes (green and violet). To travel between 7-5, passengers prefer taking two transfers 8-2
and 3-4 within second or second to third trips of the respective routes. Some passengers going from
14 to 5 have to face denied boarding on the blue route due to the only option to get to destination
5. This results in non-zero flow on transfer links 12-4 between various trips of orange and blue
routes. Finally, we do not observe any passengers that have to walk to their destination due to
failed transfer. This is because most passenger groups have departure times closer to the departure
times of the first and second trips of various transit routes departing from their origins. This results

in the availability of an alternative trip for passengers to take in case of missed transfers.

6.3. Comparison to reliable schedule-based assignment

We further compare the results of the capacitated schedule-based assignment computed in the
previous section to the capacitated assignment results when buses are not delayed and follow the
perfectly reliable schedule. For this purpose, we assume that link travel times have only one re-
alization, i.e., scheduled travel time w.p. 1.0. We ran the assignment Algorithm [5| with the gap
tolerance value € = 0.05%. It took 92 iterations and 57 seconds to converge to the solution with
the required tolerance gap. The expected costs to go between various origin-destination pairs for
varying departure times are plotted in Figure [J] We compare these costs with the ones given in
Figure [l For destination 6, the overall pattern in the trend of values computed in both cases is
the same. However, we observe that the perfectly reliable network provides lower expected costs
as compared to the unreliable network. Moreover, we see that for some origins, there are more
points in Figure @(a). For example, one cannot depart after 10:19 in Figure @(a) from origin 7
and still reach destination 6, but it is possible to do so if there is a perfectly reliable network (see
Figure[J{(a)). For destination 5, the expected cost to go from various origins in unreliable network
(Figure [6(b)) is significantly higher than the reliable network (Figure [J[b)). We see a lot more
points in Figure @(b) because all the transfers are available. This analysis shows that the strategies

evaluated with reliable schedule is overly optimistic but not very realistic.

We plot the final average flow values in the network after running the Algorithm 5| in Figure
and compare its results with the unreliable assignment results shown in Figure The main

observation is that there is more transferring flow in the case of reliable networks. For example,
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Figure 9: Expected cost between various origin-desination pairs for varying departure times in case of capacitated
assignment for perfectly reliable network

there is a non-zero flow on transfer links 13-5 and 3-12 of various trips. This is because the
schedule is perfectly reliable and passengers can make various transfers which are not possible if
there is a delayed service. This shows that assignment results computed based on a reliable schedule
assumption give more transferring passenger flow than should happen in practice. Previous studies
have used penalties to avoid such a large number of transfers. However, we let the algorithm do

the penalization systematically and realistically.

6.4. Application to real case study

We use the Minneapolis transit network to demonstrate the application of the presented method-
ology on a large-scale network. To evaluate the impact of multiple transit route options, we have
selected 13 high ridership routes, including routes 2, 3, 4, 5, 6, 11, 18, 113, 114, 115, Blue Line,
Green Line, and the Red Line (see Figure . We use synthetic transit demand going to the Uni-
versity of Minnesota campus during morning peak hours (7-9 AM) obtained from the 2010 activity-
based travel demand model for Twin Cities, MN, developed by Metropolitan Council (Cambridge
Systematics 2015)). The data contains information about passenger trip origins, destinations, and
preferred arrival and departure times. Since the departure and arrival times are available on a
30-min scale, we have subtracted a uniformly distributed random time between 5 and 20 minutes
from the departure time and added a random time between 5 and 20 minutes to the arrival time
to obtain the earliest departure time and the latest arrival time respectively. Additionally, the
earliest arrival time was calculated by subtracting a random time between 5 and 10 minutes from
the latest arrival time of passengers. The schedule-based transit network was created using the
GTFS data provided by Metro Transit, which is the primary agency in Twin Cities, MN, offering

an integrated network of buses, light rails, and a commuter train. The travel time to traverse access

34



Passenger flow

Figure 10: Passenger flow on various trips using capacitated transit assignment for perfectly reliable network
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Minneapolis Boundary (]

Destinations
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U of M Campus O

0 0.75 15 2.25 3 mi
I .

Figure 11: Minneapolis transit network (For interpretation of colors, please refer to the web version of this article)

The selected SB transit network has 510 stops, 13 routes, 101 trips, 3742 nodes, 3333 ac-
cess/egress links, 3557 in-vehicle links, 3703 waiting/walking transfer links, 153 O-D pairs (82
origins, 4 destinations), and 302 passenger groups. Since we could not arrange historical AVL data
for this study, we assumed the support of random travel times (in seconds) of in-vehicle links as

below:

Cijs cij; <120
Cij, 1.1¢i5, 120 < &;; < 240
Cij, 1-15ija 1.25@' 240 < Cij < 360

\Eija 1.25@', 1.551']' Cij > 360

where, ¢;; is the scheduled travel time (in seconds) of link (¢, 7).
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Other parameters are assumed as given in Section[6] The number of generated states is 4,02,451.
We ran the Algorithm [5| with the gap tolerance value € = 1%. It took 2 iterations and 8,040 seconds
to converge to the solution with required tolerance gap. The average travel time from various origins
departing at 8:00 A.M. aggregated over various destinations is shown in Figure[I2] The area around
the campus is accessible within average travel time of 10 minutes. The Como area and Downtown
East are also accessible within average travel time of 20 minutes. The average travel time to the

campus increases in Uptown area, where it can range from 50-70 minutes of travel time.

The average passenger flow in the network, aggregated over various transit trips, is shown in
Figure The flow of passengers on various links is varied according to the color intensity of
various links in the figure. In Southwest Minneapolis region, passengers prefer boarding routes 4,
5,11, 18, and 114. Since routes 3, 2, 6, 113, and the Green Line go to the University campus, these
routes have the highest ridership, as shown in Figure[TI4] Passengers either take these routes directly
or transfer to them to get to the campus. Figure shows the aggregated number of passengers
transferring from one route to another. Route 2 and Green Line have the highest number transfers

to reach the University campus because of their higher frequency.
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7. Conclusions and directions for future research

The current research develops a schedule-based transit assignment model that predicts pas-
senger route choice behavior in the presence of online bus arrival information. The availability of
online information induces an adaptive behavior, where a passenger who faces failed transfer due
to early or late arrival of buses, can consider alternative bus routes to minimize their expected cost
to destination. We present two transit assignment models based on whether or not the limited
capacity of transit vehicles is considered. The uncapacitated assignment model is useful for transit
systems with low ridership, whereas the capacitated assignment model is useful for transit systems
with high ridership. In both cases, we propose that passengers adopt strategies to travel and use the
stochastic shortest path as a modeling tool to characterize passenger hyperpaths. Under restrictive
assumptions, a linear program can be solved to perform the uncapacitated assignment. On the
other hand, the capacitated assignment is more complex than the uncapacitated assignment. This
is because the strategic behavior of passengers is observed not only because of online information
but also due to the limited capacity of transit vehicles. For this purpose, we formulate the capaci-
tated assignment problem as a variational inequality problem, which is solved using an MSA-based
heuristic algorithm. The algorithm runs the shortest path as well as a loading procedure to incor-
porate realistic passenger behavior. The MSA algorithm shows good convergence performance on
the conducted experiments. We present case studies based on the [Iong and Richardson|[1984 and

Twin Cities schedule-based transit networks. The results evaluated the departure times of various
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groups and passenger flows on various trips of transit routes. The computational time required
to perform both uncapacitated and capacitated assignments was within 10 minutes for [Tong and
Richardson|[1984) network. The analysis shows that the strategies evaluated with reliable schedule
assumption is overly optimistic but not very realistic. We observed that such assumption leads
to unreliable paths in the network and produces more transferring flow than the proposed model.
The limited capacity results in high-dimensional strategies and more complex behavior. The de-
nied boarding leads to higher expected costs to passengers. In the case study on the subnetwork
of the Twin Cities transit network with artificial demand, we found that University of Minnesota
students traveling from residential areas to campus may choose transfer paths in the event of highly
unreliable service on direct transit routes. Route 2 and the Green Line were found to carry the

highest number of transferring passengers.

One of the disadvantages of the capacitated assignment model is the explosion of state space
due to incorporation of availability vector in the state space. This results in the high computa-
tional time required to solve the corresponding SSP. For the assignment, one needs to solve the SSP
several times, which could make it difficult to produce assignment results. Future research should
focus on proposing techniques to solve this problem faster. This could be achieved using approxi-
mate dynamic programming algorithms. Nevertheless, the exact methods developed in this study
will help in evaluating the accuracy of the approximation algorithms. Furthermore, a model-free
reinforcement learning approach can also be used to predict passenger behavior in the presence of
online information. The calibration of such a model using travel behavior data (e.g., Automatic
Fare Collection data) will require a significant effort. Finally, the current model provides a flexible
framework to incorporate various choice probabilities. For example, one can use logit-based route

choice probabilities to achieve a stochastic user equilibrium.
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Appendix A Creation of transfer links

In this study, we propose two types of assignment models, namely, uncapacitated and capaci-
tated assignments. In both assignment models, we reduce the transfer links based on an acceptable
waiting time limit. Moreover, in the uncapacitated assignment, the transfers can be further reduced
based on the probability of making a transfer. For example, if there are multiple transfer trips of
the same transit route available and all of them provide transfer w.p. 1, then we should only keep
the trip that provides the least waiting time. This is because a passenger would not likely wait for
a different trip of the same transit route. However, in the case of capacitated assignment, for a
passenger, we cannot evaluate the probability of making a transfer as it depends on the availability

of space which further depends on the strategies of other passengers.

The steps for creating transfer links are summarized in Algorithm @ It takes transfer links A;
created using the criteria described in Section [3land the type of assignment as inputs and produces
the final transfer links as output. The algorithm starts by initializing the final set of transfer links
A; as an empty set and collecting all the transfer nodes in the network. Then, for each transfer
node ¢, we find all the transit routes that can be transferred from it. For each transferring route, we
find the set of nodes associated with it (connecting_nodes) and sort them in the increasing order of
their scheduled departure time. After that, for uncapacitated assignment, we create transfer links
from node i to other nodes in connecting_nodes starting from the one for which there exists at
least one arrival time instance so that the transfer can be made successfully (i.e., with a positive
probability) to the one for which all its arrival time instances can be successfully transferred from
any arrival time instance of node i (i.e., the transfer is made w.p. 1). If we cannot find a node
that can be transferred w.p. 1, then, we create a walking link from 4 to all destinations. This is
done to finish the journey of travelers who find themselves in a situation where there is no outgoing
link to move forward. In practice, if a passenger encounters a situation when there is no bus
available at the stop, then they either walk or use another mode of transportation to get to their
destination. We only assume walking in our assignment, although, one can consider other modes of
transportation. In the case of capacitated assignment, we create transfer links from node ¢ to other
nodes in connecting_nodes for which there exists at least one arrival time instance so that transfer
can be made successfully (i.e., with positive probability) and provide waiting time less than d3. In
this case, we compulsorily create walking links to various destinations as there may not be sufficient

capacity in the considered transfer options.
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Algorithm 6 Creation of transfer links

1: procedure CREATETRANSFERS

2 Inputs: A;, assignment _type

3 Output: A > Set of final transfer nodes
4 (Initialize) Ay < ¢

5: trans fer_nodes < {i € N : 3j € FS(i) s.t. (i,7) € A}

6 for i € transfer_nodes do

7 connecting_routes < {r(j) : (i,j) € A;}

8 for 7 € connecting_routes do

9 connecting nodes «— {j € FS(i) : (i,7) € A}, r(j) == 7}

10: Sort nodes in connecting_nodes in the increasing order of their scheduled departure
time

11: Find the first node m in connecting_nodes for which 3t € fk(,-) (i),t" fk,(m) (m), s.t.
t Fwy <t pi(t) >0,pm(t’) > 0.

12: if assignment_type == “uncapacitated” then

13: Find the first node n in connecting-nodes for which V¢ € fk(i) (i),t" € fk:(n) (n),
st t +wy <t pi(t) >0,p(t") >0, and S oy 8) 2o €l () P )pn ") = 1.

14: if there is no such n then

15: n is the last node in connecting_nodes

16: Append all the links from (i, m) to (i,n) to A,

17: Create walking links from node ¢ to all d € D if they do not exist.

18: else

19: Append all the links from (i, m) to (i,n) to A,

20: else if assignment_type == “capacitated” then

21: Find first node n in connecting_nodes for which vt € Ek(i) (i),t" e fk(n)(n), s.t.
t Fwy <t pi(t)>0,pu(t)>0,and t’ —t —w;; < 53

22: if there is no such n then

23: n is the last node in connecting_nodes

24: Append all the links from (z,m) to (i,n) to A

25: else

26: Append all the links from (i, m) to (i,n) to A,

27: Create walking links from node ¢ to all d € D if they do not exist.

28: else

29: Raise error

i3 Appendix B Proofs

ue  Proof of Lemma [1| We will show this by deriving the KKT conditions of the assignment pro-

115 gram . Let us associate dual variables {.J%(i,t, 9)}V0€®i(t),\1tefk(i)(z‘),7 {Jd(ojt,9)}v9690(t)’Vt€T77
Vi€N,YdeD YocO YdeD
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1116 {Jd(g)}vgeG:dg:d,, {Jd(d)}VdeD, {Ud(i,t,e,j)} Vicu(itg), and {)\Zt}Vte[tED +ED 4 5 ]7 to the con-
VdED V(%,t,0)€S, VdED VgeG, VdGD

17 straints 8g)) respectively. The, the Lagrangian of (8) can be written as:

1118

1119 ,C(V7V,J,U,/\):Z Z Z Zt9] *c?j—l—

1120 deD | (i,t,0)€S jeu(it,0)

1121 Z Jd(i,t, 0) * pa Z d(k,t’,&' Z (i,t,0,5) | +

v i u jEu(i,t,0)
Vi€l (1) ViEN (k.t 60 )ES\{d} cu(k,t' 0

1122 & t=t' —f—c]CZ
d 0 d d .
123 Z J o,t,0) % | p Z Vi — Z v(0,t,0,5) | +
VOO, (t),VteT YocO g€G:og=0 & j€u(o,t,0)

ED ;ED
1124 te[tg ity +53]

125 S dlg [det - Y val s | YD a6 d) | -

VgeGidg=d te[tED tBD 453 geCidy=d (k,t' 0" eS\{d}:
! /
1126 deu(kt 0)
1127 Z O'd(i, t,0,7) * vd<i, t,0,7) — Z )‘gt * Vgci
Vieu(i,t,0),Y(i,t,0)eS VLE[tED tEP +63] VgeG
1128 ) )
1129 The KKT conditions are given below:

1130

1131 1. Primal feasibility: —

1132 2. Dual feasibility:

Ztgj_OVjéu(lta) V(i,t,0) € S,¥Yd € D (18)
X >0Vt € [tFP 8P 4 63) Vg € G,Vd € D (19)
1133 3. Complementary slackness:

(i t,0,5) * 0¥, t,0,5) = 0,V € u(i,t,0),Y(i,t,0) € S
Vi Xy =0,vt € [t7P 177 + 03] Vg e G, ¥d e D
1134 4. Gradient of the Lagrangian wrt primal variables vanishes:

1135
OL(V,v,3,0,))
ovi(i,t,0, )

1136

=di+ Y 7 Gt 0 =T, 1, 0)— (i 1,0, 5) = 0,Y) € uli, £,60),Y(i, 1,6) €
0'€0;(t)
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1137

1138

1139

1140

1141

1142

1143

1144

1145

1146

1147

1148

S,Vd € D

ALV, v,J,0,))
v

= Y pPJ%ot,0) — JUg) = M, = 0,9t € [tFP tFP + 53] Vg € G,Vd €
0€0,,(t)
D

Using and , we can write above two equations as:

L+ S o TG+ 0) = TN, 6) > 0,V) € u(i t,0),¥(i,t,0) € S¥de D (20a)
0'cO,;(t)
> p'T%o,t,0) — JUg) = 0Vt € [tFP tFP +65) Vg € G, vd € D (20b)
0€0,, (t)

(20a) and (20Db)) can further be written as:

dg; o 0 0 1d 0 o ,
Ji,t,0) = jeir%;ge) i+ ) z@:(t)p JUG,t+ci5,0) p,V(ist,0) € S,Vd € D (21a)
€9;

Jg)= min > p'I%o,t,0) 3 Vg€ G, Vde D (21b)
te[tFP P +55] | pe ®
°g

(21al) and (21b]) are the Bellman equations for finding the optimal policies given in and
respectively. This completes our proof.

Appendix C Example problem

C.1  Uncapacitated assignment

For the example given in Figure[l] let us compute the optimal cost functions and optimal policy
for destination d. Clearly, J*(d) = 0. J*(C1,17) = 1% (14+0) =1, J*(C1,23) = 1% (1 +0) = 1,
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J*(C,16) = 1% (140) =1, J*(Cp,18) = 1% (1+0) =1, and J*(C5,23) = 1% (1 +0) = 1.

J*(Dg,3) = 1% (13 + J*(C2,16)) = 1% (13 + 1) = 14
J*(Dg,5) = 1% (134 J*(Cy,18)) = 1% (134 1) = 14
J*(D2,10) = 1% (134 J*(C2,23)) = 1% (13 + 1) = 14
J*(B1,2) = 0.2 min{15 4+ J*(C1,17),1 + J*(D3,3)} + 0.3 % min{15 + J*(C1,17),3 + J*(D2,5)}

+ 0.5 % min{15 4+ J*(C1,17),8 + J* (D3, 10)}
=02%15+0.3%16+0.5% 16 = 15.8
J*(By,8) = 0.5 % min{15 + J*(Cy, 15 + 8), 00} 4 0.5 * min{15 + J*(Cy, 15 + 8),2 + J*(D2,8 + 2)}
=0.5%16+0.5%16 = 16
J*(A1,0) = 0.6 % (2+15.8) 4+ 0.4 % (8 + 16) = 20.28
J*(F3,0) = 0.2% (3+14) + 0.3 % (5+ 14) + 0.5 % (10 + 14) = 21.1
J*(0,0) = min{20.28,21.1} = 20.28

After computing the expected cost to go from various nodes at various times, one can evaualte

the optimal policy by comparing these optimal costs. These are evaluated below:

w (07 0, {Oa 0}) = {Al}

p(A1,0,{2}) ={B1},  p'(A1,0,{8}) = {B1}
p(E2,0,{3}) ={D2},  p'(E2,0,{5}) = {D2} e (E2,0,{10}) = { D2}
w (B, 2,{15,1}) ={D2},  p*(B1,2,{15,3}) = {C1} w(Br,2,{15,8}) = {C1}
p(B1,8,{15,00}) = {C1},  p"(B1,8,{15,2}) = { D2, C1}
pr(D2,3,{13}) = {C2},  p'(Da,5,{13}) = {Ca} (7 (D2,10,{13}) = {Ca}
pr(CL17,{1}) ={d},  p7(C1,23,{1}) = {d}
p(C,16,{1}) ={d},  p"(C2,18,{1}) = {d} ' (Co,23,{1}) = {d}
1149 Let us assume only one group of 100 passengers moving from o to d. For the sake of simplicity,

uso we do not consider any arrival time penalties. Obviously, t* = 0. Further, we can evaluate the

us1 values of transitioning flow at various states as below:
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v(0,0,{0,0}, A1) = 100

v(A1,0,{2}, By) = 100 * 0.6 = 60,
v(Es,0,{3}, D2) =0,
v(By,2,{15,1},C1) = 0,
v(B1,2,{15,3},C1) = 0.3 % 60 = 18,
v(By,2,{15,8},C1) = 0.5 % 60 = 30
v(B1,8,{15,00},C1) = 0.5 % 40 = 20,
v(B1,8,{15,2},C1) = 0.5 % 0.5 % 40 = 10,
v(Ds, 3, {13}, Cs) = 12,
v(Cy,17,{1},d) = 48,

v(Cs, 16, {1}, d) = 12,

v(0,0,{0,0}, E2) =0
v(A1,0,{8}, B) = 100 % 0.4 = 40
Ey,0,{5},D2) =0
v(B1,2,{15,1}, D9) =
v(By,2,{15,3}, Ds)

(
(
( v(E2,0,{10},D2) =0
(

(

v(B1,2,{15,8}, Dy) =

(

(

(

(

(

<

*60 =12

0.2
0
0

v(B1,8,{15,00},D2) =0
v(B1,8,{15,2}, Da) = 0.5 % 0.5 % 40 = 10
v(Ds,5,{13},Cs) = 0

v(Cy,23,{1},d) = 30

v(Cy, 18, {1},d) = 0

v(Ds,10,{13},C5) = 10

v(Cs,23,{1},d) = 10

us2  Computing the average link flow on various links using @, we have, v(0, A1) = 100,v(o0, Eg) = 0,
1153 ’L)(Al,Bl> = 100, U(EQ,DQ) = 0, ’U(Bl,Dg) =124+ 20 = 22, ’U(Bl,cl) = 78, ’U(DQ,CQ) = 22,

s v(C1,d) = 78, v(Cy, d) = 22.

uss (.2  Network loading for capacitated assignment

1156 Using the policy computed in the previous sub-section, we evaluate the route choice probabilities

157 as below:

Po,0,00,03,{1,1}),4, = 1
P6,0,10,03,{0,1}),5, = 1
Plavog2r0n.8 = 1,
Pps0431.011),0: = 1,
P, 2.051,0,1,00 =0,
P 2053001000 = L,
Py 20158y, 011,00 = 1
P(B, 8,{15,00}.{1,0)),c1 = 1,
P, 8.415.2),{1,11),0, = 0.9,
Pp,3,0133.011.00 = L,
Py ar gy ana =1
Py 6,01y.011),0 =1

PBy045y.413),0: = 1

Pps5.8131, 011,00 = 1

P(027187{1}7{1})7d =1

P6,0,40,01,{1,1}),, = 0

Plasoqsy.0p),8 = 1

PlBs0,{10},1}),0; = 1

Py 2,151}, 01,1)),0, = 1
PB,2,1153),{1,1)),0, =0
PB,2,1158),{1,1)),0, =0

P, 8,415,2},{1,1}),0, = 0-5

Pp,,10,{13},{1}),c0 = 1

Peyes e =1

P(027237{1}7{1})=d =1

1158 Further, assume that the capacity of both trips is 60. For passenger loading, let us process the
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1159

1160

1161

1162

1163

1164

1165

1166

1167

1168

1169

1170

1171

1172

1173

1174

1175

1176

1177

1178

1179

1180

1181

1182

1183

1184

1185

1186

1187

1188

nodes in topological order. For node 1, we have, V,,(0,0) = 100. First, initialize 7(00.{0,03,{1.1}) — 1,
The accessing flow and residual capacities of outgoing links are v, 4, = 100, 0, g, = 0 and 1, 4, =
60, Uy, 5, = 60. As the flow trying to access link (o0, A1) is more than its residual capacity, we have
B8 = 0.6. Since, we have 8 = 0.6, we have to run more than 1 iteration of the ”while loop” to finish
the loading at node A;. As we know that P, 10,01,{1,11),4; = 1, P(0,0,40,0},{1,1}),E, = 0, we have
V(0,0,{0,0},{1,1}),4; = 0.6 % 100 = 60,v(0,0,10,0},{1,1}),5, = 0. Since all the flow that reaches A; want
to continue on the same route, we assign V,(A;,0) = 60. This gives us r(00{0.0{11) — 0.6 and
7(0040.01{0.1}) — . 4. After updating the state availability probabilities, we now run the second
iteration of the while loop. The accessing flow and residual capacities of available outgoing links
are Vo, g, = 40 and 4, g, = 60. Therefore, 3 = 1. This means that all flow can access their first
available choice, i.e., v(0,0,0,01,40,1}),5, = 1.0 x40 = 40. Since all the flow that reaches E> want to

continue on the same route, we assign V,(FE»,0) = 40.

The next node in the topological order is Aj. Since all the flow that needs to be assigned
at this node is priority flow, we have v(4, 0 2),{1}),8, = 0.6 * 60 = 36 and v(4, 08},{1}),B, =
0.4 * 60 = 24. This makes V,(B1,2) = 0.8 * 36 = 28.8 and V,,(B1,2) = 0.2 * 36 = 7.2. Similarly,
Vp(B1,8) =24 %0514 24%0.5%0.5 = 18 and V,,(B1,8) = 6. Processing the node E5, we have

U(B,,0,{3},{1}),D2 = 0.2%40 = 8§, U(B5,0,{5},{1}),D2 = 0.3%x40 = 12, and U(B,,0,{10},{1}),Dy = 0.5%40 = 20.
Therefore, V,,(D2,3) = 8, V,(D2,5) = 12, and V, (D>, 10) = 20.

The next node in the topological order is B;. This is an important node as it has both pri-
ority as well as non-priority flow to assign. Let’s start with the assignment of priority flow. We
have, v(p, 2 {15,1},{1,1}),c: = 28.8 and v(p, g (151}{1,1}),c; = 18. Clearly, Vj,(C1,17) = 28.8 and
Vp(C1,23) = 18. Next, we process the non-priority flow. We have accessing flow 9(p, p,) = 7.2+6 =
13.2, residual capacity g, p,) = 60 —40 = 20, and 8 = 1. This gives v(p, 2 (151} ,{1,1}),D; =

7.2 and v(p, 8 (152},{1,1}),p, = 6. Following the same procedure, we have, v(p, 3 (13} {1}),C.

15.2, v(p,3,45}.{1}),02 = 12, V(D,3,{10},{1}),0, = 26.

Calculating the average flow, we have, v(o, A1) = 60, v(0, E2) = 40, v(A1, B1) = 60, v(Ea, D2) =
40, U(Bl,Dg) = 13.2, v(Bl,Cl) = 46.8, U(DQ,CQ) = 53.2, U(C1,d) = 46.8, U(Cg,d) = 53.2.
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uss Appendix D Notations used in the article

Table 3: Sets, parameters, decision variables and functions used in the current article

Q
=
ATDONTI RS

.
g
e
$
=

N

&

do, 01, 02, 03
ED ,EA ;LA
tg ,tg ,tg

od
dg

i

1 1 1 1 1 [ [ [ | [

>l 1> > > >

Sets

SB transit network where, N denotes the set of nodes and A denotes the set of links

Set of time intervals during the study period

Set of transit stops/stations

Set of transit routes

Set of transit trips

Set of origins

Set of destinations

Set of transit nodes

Set of passenger groups

Set of access/egress, in-vehicle, and transfer links

Set of outgoing and incoming links

Set of possible information vectors at node 7 and time ¢
Set of availability vectors at node 4, time ¢, and information 6
State space in uncapacitated assignment

State space in capacitated assignment

Parameters

Maximum acceptable time for access, egress, transferring, and waiting.
Earliest departure, earliest arrival, and latest arrival time of group g
Demand from o to d of group g

Travel time between ¢ and j for information 6

Probability of observing information 6

Early and late arrival penalty

Capacity of link (7, j)

Decision Variables

Number of passengers going to destination d arriving at state s taking action j
Number of passengers going to destination d of group g departing at time ¢
Aggregated average passenger flow on link (4, j)

Optimal departure time for group g

Probability of observing availability vector x

Tolerance parameter used for the convergence of MSA algorithm.
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1190 r

1191

Functions

Arrival time of transit trip at a stop

Possible arrival times of transit trip at a stop

Probability of bus arriving at node ¢ at time ¢

Trip associated with transit node ¢

Route associated with transit node ¢

Walking time between node ¢ and j

Sequence of node i for trip k

A stationary policy that specifies action to take at every node
Expected cost function

Expected cost of taking action j at state s

Route choice and departure time choice probability function

Expected cost of choice probability vector (P, R)
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